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We construct an invariant basis for Compton scattering with two virtual photons (VVCS). The basis tensors
are chosen to be gauge invariant and orthogonal to each other. The properties of the corresponding 18 invariant
amplitudes are studied in detail. We consider the special case of elastic VVCS with the virtualities of the initial
and final photons equal. The invariant basis for VVCS in this orthogonal form does not exist in the literature.
We furthermore use this VVCS tensor for a calculation of the beam normal spin asymmetry in the forward
kinematics. For this, we relate the invariant amplitudes to the helicity amplitudes of the VVCS reaction. The
imaginary parts of the latter are related to the inclusive cross section by means of the optical theorem. We use
the phenomenological value of the transverse cross section σT ∼ 0.1 mb and the Callan-Gross relation which
relates the longitudinal cross section σL to the transverse one. The result of the calculation agrees with an existing
calculation, and predicts negative values of the asymmetry Bn of order of 5 ppm in the energy range from 3 to
45 GeV and for very forward angles.
DOI: 10.1103/PhysRevC.73.035213 PACS number(s): 12.40.Nn, 13.40.Gp, 13.60.Fz, 13.60.Hb
I. INTRODUCTION
Over recent years, interest in Compton scattering with
two virtual (typically, spacelike) photons has arisen and has
been constantly growing. This interest is based on significant
progress in precision electron-proton scatering experimental
technique. Polarization transfer data for elastic electron-
proton scattering [1] showed that the extracted values of the
electromagnetic form factors obtained with this technique
differ significantly from the Rosenbluth separation data [2]. It
has been pointed out that these two data sets may be reconciled
by the proper inclusion of higher order contributions in the
electromagnetic coupling constant αem, namely the two photon
exchange contribution [3]. Several model calculations using
the elastic form factors only [4], the (1232) resonance [5],
and the partonic picture [6] show that the contribution of the
two photon exchange exhibits the correct trend which may
be enough to explain the discrepancy of the experimental
results. However, a different class of observables has become
experimentally accessible in the framework of parity-violating
electron-proton scattering. These new observables involve
the spin orientation normal to the reaction plane and have
been shown to be directly related to the imaginary part
of the elastic electron-proton scattering amplitude. Because
one photon exchange does not lead to an imaginary part,
the leading order contribution comes from the exchange of
at least two photons [7]. Because the exchange of three
or more photons is suppressed by powers of the small
coupling constant αem, a measurement of such an observable
probably provides the cleanest way to access Compton
scattering with two virtual photons. At present, several
experimental data points exist in different kinematical regimes
[8]. On the theoretical side, significant progress has been
made toward quantitative understanding of the experimental
data [9].
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These experimental and theoretical studies require a de-
scription of Compton scattering with two virtual photons. The
general form of the explicitly gauge invariant basis for VVCS
was developed in the 1970s by Tarrach [10]. The invariant
amplitudes of Tarrach have the advantage that they do not
have kinematical singularities nor constraints and thus can be
used for a dispersion calculation. However, they were never
used for a realistic calculation. One of the reasons is that, at that
time, the VVCS reaction was of pure theoretical interest (apart
from its forward limit that is used in DIS and described by the
nucleon structure functions rather than the invariant amplitudes
of Tarrach). The other reason is the technical difficulty in
using this basis in a real calculation, which is because of the
nonorthogonality of the basis tensors. Another approach was
used by Prange for real Compton scattering [11] and then
generalized to Compton scattering with a virtual initial photon
by Berg and Lindner [12]. This method consists in defining
the invariant Compton basis in terms of gauge-invariant basis
tensors that are orthogonal to each other. In this work, we
generalize this approach to the case when the outgoing photon
is also virtual. In Sec. II, we introduce the VVCS tensor in such
a form, and study the properties of the invariant amplitudes.
We also consider the special case of elastic VVCS with initial
and outgoing photons of equal virtuality. In the literature, the
invariant Compton tensor for this reaction exists only for the
forward case. We obtain here the result for the general case.
In Sec. III, we use the introduced from of the Compton tensor
for a practical calculation of the beam normal spin asymmetry
Bn in the forward kinematics.
II. DOUBLY VCS TENSOR BASIS
In this section, the doubly virtual Compton scattering
(VVCS) tensor will be introduced and the properties of the
invariant VVCS amplitudes will be investigated. We start
by reviewing existing developments on invariant Compton
tensors. A general Lorentz and gauge-invariant VVCS tensor
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was constructed by Tarrach [10] with the corresponding
amplitudes free from kinematical singularities and constraints.
However, it appears problematic to use this tensor basis for
practical calculations. Therefore, we turn to the method used
by Prange for RCS [11] and extended to VCS (with only
one virtual photon) by Berg and Lindner [12]. We consider
a scattering process γ ∗(q1) + N (p) → γ ∗(q2) + N (p′) and
define the four-vectors:
P = p + p
′
2
˜K = q1 + q2
2
(1)
L = q1 − q2
2
= p
′ − p
2
.
The method of Ref. [11] for RCS amounts to defining two
orthogonal vectors,
P ′µ = Pµ − P ·
˜K
˜K2
˜Kµ,
(2)
nµ = εµαβγ P ′α ˜KβLγ ,
where we use the convention ε0123 = −1. The four vectors
P ′, n, L′, and ˜K form an orthogonal basis. Of these vectors,
orthogonal and explicitly gauge-invariant tensors can be
constructed. The six independent Lorentz-invariant structures
that are needed to describe RCS in the most general case
are [11]:
M
µν
RCS = ¯N ′
{
P ′µP ′ν
P ′2
(B1 + ˜K/ B2) + n
µnν
n2
(B3 + ˜K/ B4)
+ P
′µnν − nµP ′ν
P ′2n2
iγ5B7
+ P
′µnν + nµP ′ν
P ′2n2
n/B6
}
N. (3)
We note that the terms ∼(P ′µnν + P ′ν nµ)/P ′2n2 iγ5 and
(P ′µnν − P ′ν nµ)/P ′2n2 n/ are ruled out by time-reversal in-
variance. If we allow for one of the photons (normally, the
initial one) to be virtual, this restriction is relaxed because the
initial and final states are not identical anymore. The method
should be modified as follows [12]: because the condition
L · ˜K = 0 is no longer valid, we introduce
L′µ = Lµ − L ·
˜K
˜K2
˜Kµ,
P ′µ = Pµ − P ·
˜K
˜K2
˜Kµ − P · L
′
L′2
L′µ, (4)
nµ = εµαβγ P ′α ˜KβL′γ ,
which are orthogonal to each other and to the vector ˜K .
Furthermore, to take into account the longitudinal polarization
of the virtual photon, a gauge-invariant vector is introduced,
˜K ′µ = ˜Kµ − q1 ·
˜K
q1 · L′ L
′µ, (5)
which obeys q1 · ˜K ′ = 0. With these modifications, the most
general VCS tensor basis takes the form [12]:
M
µν
VCS = ¯N ′
{
P ′µP ′ν
P ′2
(B1 + ˜K/ B2) + n
µnν
n2
(B3 + ˜K/ B4)
+ P
′µnν + nµP ′ν
P ′2n2
(iγ5B5 + n/B6)
+ P
′µnν − nµP ′ν
P ′2n2
(iγ5B7 + n/B8)
+
˜K ′µP ′ν
P ′2 ˜K2
(B9 + ˜K/ B10)
+
˜K ′µnν
n2 ˜K2
(iγ5B11 + n/B12)
}
N. (6)
The Compton tensor in this form, for the case where both
photons are virtual does not exist in the literature. We follow
here the scheme proposed in Ref. [12] and generalize the
invariant Compton tensor for the VVCS case. For this, we
introduce another gauge-invariant vector with respect to the
outgoing virtual photon q2,
˜K ′′ν = ˜Kν − q2 ·
˜K
q2 · L′ L
′ν . (7)
We finally obtain the 18 different structures that contain
all the information about Compton scattering with two virtual
photons:
M
µν
VVCS = ¯N ′
{
P ′µP ′ν
P ′2
(B1 + ˜K/ B2) + n
µnν
n2
(B3 + ˜K/ B4)
+ P
′µnν + nµP ′ν
P ′2n2
(iγ5B5 + n/B6)
+ P
′µnν − nµP ′ν
P ′2n2
(iγ5B7 + n/B8)
+
˜K ′µP ′ν
P ′2 ˜K2
(B9 + ˜K/ B10)
+
˜K ′µnν
n2 ˜K2
(iγ5B11 + n/B12)
+ P
′µ
˜K ′′ν
P ′2 ˜K2
(B13 + ˜K/ B14)
+ n
µ
˜K ′′ν
n2 ˜K2
(iγ5B15 + n/B16)
+
˜K ′µ ˜K ′′ν
˜K2
(B17 + ˜K/ B18)
}
N. (8)
The invariant amplitudes Bi are functions of the invariants:
Bi = Bi
(
q21 , q
2
2 , q1 · q2, P · ˜K
)
. (9)
We next consider the behavior of the invariant amplitudes
under photon and nucleon crossing.
A. Nucleon crossing
This transformation is a combination of partial parity
transformation and charge conjugation: [γ ∗(q1) + N (p) →
γ ∗(q2) + N (p′)] → [γ ∗(q1) + ¯N (−p′) → γ ∗(q2) + ¯N (−p)].
We note that this is an unphysical transformation because only
the hadronic part of the kinematics is transformed, whereas
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the photons remain unchanged. This transformation, however,
relates two reactions that should have the same structure.
Under nucleon crossing, we have:
P → −P,
n → −n,
˜K → ˜K,
L′ → L′,
˜K ′ → ˜K ′, (10)
˜K ′′ → ˜K ′′,
˜K/ → C† ˜K/ C = − ˜K/ ,
n/ → −C†n/ C = n/,
γ5 → C†γ5C = γ5.
Hence, nucleon crossing transforms the VVCS tensor as
N
˜M
µν
VVCS = ¯N
{
P ′µP ′ν
P ′2
( N ˜B1 − ˜K/ N ˜B2)
+ n
µnν
n2
( N ˜B3 − ˜K/ N ˜B4)
+ P
′µnν + nµP ′ν
P ′2n2
(iγ5 N ˜B5 + n/ N ˜B6)
+ P
′µnν − nµP ′ν
P ′2n2
(iγ5 N ˜B7 + n/ N ˜B8)
−
˜K ′µP ′ν
P ′2 ˜K2
( N ˜B9 − ˜K/ N ˜B10)
−
˜K ′µnν
n2 ˜K2
(iγ5 N ˜B11 + n/ N ˜B12)
− P
′µ
˜K ′′ν
P ′2 ˜K2
( N ˜B13 − ˜K/ N ˜B14)
− n
µ
˜K ′′ν
n2 ˜K2
(iγ5 N ˜B15 + n/ N ˜B16)
+
˜K ′µ ˜K ′′ν
˜K2
( N ˜B17 − ˜K/ N ˜B18)
}
N ′. (11)
In the above equation, N ˜Bi stands for the nucleon crossing
transform of the amplitude Bi . For the invariant amplitudes,
nucleon crossing amounts to the substitution P · ˜K → −P ·
˜K , whereas the other arguments remain unchanged. We next
list the behavior of the invariant amplitudes Bi under nucleon
crossing:
Bi
(
q21 , q
2
2 , q1 · q2,−P · ˜K
) = +Bi(q21 , q22 , q1 · q2, P · ˜K)
for i = 1, 3, 5, 6, 7, 8, 10, 14, 17
Bi
(
q21 , q
2
2 , q1 · q2,−P · ˜K
) = −Bi(q21 , q22 , q1 · q2, P · ˜K)
for i = 2, 4, 9, 11, 12, 13, 15, 16, 18.
(12)
B. Photon crossing
Photon crossing relates two reactions: [γ ∗(q1) +N (p)→
γ ∗(q2) +N (p′)] → [γ ∗(−q2) + N (p) → γ ∗(−q1) + N (p′)].
In the general case of q21 = q22 , the Compton amplitude must
not be invariant under photon crossing. It is, however, a
relevant symmetry in the elastic case q21 = q22 . Under photon
crossing we have:
˜K → − ˜K,
µ ↔ ν
P → P,
P ′ → P ′,
(13)
L′ → L′,
n → −n,
˜K ′ → − ˜K ′′,
˜K ′′ → − ˜K ′.
Hence, photon crossing transforms the VVCS tensor as
γ
˜M
µν
VVCS = ¯N ′
{
P ′µP ′ν
P ′2
( γ ˜B1 − ˜K/ γ ˜B2)
+ n
µnν
n2
( γ ˜B3 − ˜K/ γ ˜B4)
− P
′µnν + nµP ′ν
P ′2n2
(iγ5 γ ˜B5 − n/ γ ˜B6)
+ P
′µnν − nµP ′ν
P ′2n2
(iγ5 γ ˜B7 − n/ γ ˜B8)
− P
′µ
˜K ′′ν
P ′2 ˜K2
( γ ˜B9 − ˜K/ γ ˜B10)
+ n
µ
˜K ′′ν
n2 ˜K2
(iγ5 γ ˜B11 + n/ γ ˜B12)
−
˜K ′µP ′ν
P ′2 ˜K2
( γ ˜B13 − ˜K/ γ ˜B14)
+
˜K ′µnν
n2 ˜K2
(iγ5 γ ˜B15 + n/ γ ˜B16)
+
˜K ′µ ˜K ′′ν
˜K2
( γ ˜B17 − ˜K/ γ ˜B18)
}
N ′. (14)
In the above equation, γ ˜Bi stands for the nucleon crossing
transform of the amplitude Bi . Apart from the substitution P ·
˜K → −P · ˜K , photon crossing interchanges the virtualities of
the photons as arguments of the invariant amplitudes, q21 ↔ q22 .
We find following behavior under photon crossing:
Bi
(
q22 , q
2
1 , q1 · q2,−P · ˜K
) = +Bi(q21 , q22 , q1 · q2, P · ˜K)
for i = 1, 3, 6, 7, 17
Bi
(
q22 , q
2
1 , q1 · q2,−P · ˜K
) = −Bi(q21 , q22 , q1 · q2, P · ˜K)
for i = 2, 4, 5, 8, 18
B9
(
q22 , q
2
1 , q1 · q2,−P · ˜K
) = −B13(q21 , q22 , q1 · q2, P · ˜K)
B10
(
q22 , q
2
1 , q1 · q2,−P · ˜K
) = B14(q21 , q22 , q1 · q2, P · ˜K)
B13
(
q22 , q
2
1 , q1 · q2,−P · ˜K
) = −B9(q21 , q22 , q1 · q2, P · ˜K)
B14
(
q22 , q
2
1 , q1 · q2,−P · ˜K
) = B10(q21 , q22 , q1 · q2, P · ˜K)
B11
(
q22 , q
2
1 , q1 · q2,−P · ˜K
) = B15(q21 , q22 , q1 · q2, P · ˜K)
B12
(
q22 , q
2
1 , q1 · q2,−P · ˜K
) = −B16(q21 , q22 , q1 · q2, P · ˜K)
B15
(
q22 , q
2
1 , q1 · q2,−P · ˜K
) = B11(q21 , q22 , q1 · q2, P · ˜K)
B16
(
q22 , q
2
1 , q1 · q2,−P · ˜K
) = −B12(q21 , q22 , q1 · q2, P · ˜K).
(15)
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We now combine photon and nucleon crossing, which
corresponds to applying a CP-transformation to the full
reaction. Combining Eqs. (12) and (15), we obtain
B5,8, B9 − B13, B10 − B14,
B11 + B15, B12 + B16 ∼
(
q21 − q22
)2n+1
,
(16)
B1,2,3,4,6,7,17,18, B9 + B13, B10 + B14,
B11 − B15, B12 − B16 ∼
(
q21 ± q22
)2n
,
with n = 0, 1, 2, . . .1
As a consequence, the VVCS tensor simplifies in the elastic
case (EVVCS), q21 = q22 :
M
µν
EVVCS = ¯N ′
{
P ′µP ′ν
P ′2
(B1 + ˜K/ B2) + n
µnν
n2
(B3 + ˜K/ B4)
+ P
′µnν + nµP ′ν
P ′2n2
n/B6 + P
′µnν − nµP ′ν
P ′2n2
iγ5B7
+
˜K ′µP ′ν + P ′µ ˜K ′′ν
P ′2 ˜K2
(B9 + ˜K/ B10)
+
˜K ′µnν − nµ ˜K ′′ν
n2 ˜K2
iγ5B11 +
˜K ′µnν + nµ ˜K ′′ν
n2 ˜K2
n/B12
+
˜K ′µ ˜K ′′ν
˜K2
(B17 + ˜K/ B18)
}
N. (17)
We finally investigate the RCS limit, i.e., let the virtualities
of the photons go to zero. In this case,
˜K ′µ → qµ1 (18)
˜K ′′ν → qν2 .
In an observable, the Compton tensor is contracted with
the photon polarization vectors, ελ(q1) · ˜K ′ → ελ(q1) · q1 = 0.
Though the amplitudes B9,10,11,12,17,18 should not necessarily
vanish in this limit, the corresponding terms do not contribute
to any observables. Therefore, at the real photon point we
recover the old RCS tensor of Prange of Eq. (3).
It should be stressed that doubly VCS tensors for inelastic
(q21 = q22 ) and elastic (q21 = q22 ) cases in the form of Eqs. (8)
and (17) do not exist in the literature.
III. APPLICATION: BEAM NORMAL SPIN ASYMMETRY
We consider elastic electron-proton scattering e−(k) +
N (p) → e−(k′) + N (p′), with the electron beam polarized
normally to the scattering plane with the polarization vector
defined as
ξµ =
(
0,
k × k′
|k × k′|
)
. (19)
The single-spin asymmetry defined as Bn =
(σ↑ − σ↓)/(σ↑ + σ↓) is refered to as beam normal spin
asymmetry. It was shown that such an asymmetry, to leading
1We do not expect any negative powers of q21 − q22 because it would
lead to an unphysical singularity.
order in the electromagnetic coupling constant αem ≈ 1/137,
is given by
Bn =
∑
spins 2 Im
(M∗1γ AbsM2γ )∑
spins |M1γ |2
. (20)
The absorptive part of the two-photon exchange (TPE)
graph is given by
AbsM2γ = e4
∫ |k1|2d|k1|d
k1
2E1(2π )3
u¯′γν(k/1 + m)γµu
× 1
Q21Q
2
2
AbsMµν
(
w2, t,Q21,Q
2
2
)
, (21)
where Mµν is the VVCS tensor. Furthermore, the asymmetry
can be written as
Bn = e
2t
D(s, t)
∫ |k1|2d|k1|d
k1
2E1(2π )3
1
Q21Q
2
2
ImLαµνHαµν.
(22)
The leptonic tensor Lαµν is given by
Lαµν = Tr(k/ ′ + m)γν(k/1 + m)γµγ5ξ/(k/ + m)γα, (23)
whereas the hadronic tensor is defined as
Hαµν =
∑
spins
AbsMµν( ¯N ′αN )∗, (24)
with α = GM (−t)γ α − F2(−t)PαM . In the following, we use
the hadronic tensor in the form introduced in the previous
section for the most general inelastic case. The structure of the
tensor of Eq. (8) can be represented as
Mµν = Aµν · ¯N ′N + Bµν · ¯N ′ ˜K/ N
+Cµν · ¯N ′iγ5N + Dµν · ¯N ′n/N. (25)
The tensors (A,B,C,D)µν are defined in the appendix. The
sum over spins in the hadronic tensor can be readily performed
with the result:
Hαµν = 8MPα
[
GEA
µν + P
˜K
M
F1B
µν
]
+ 8L2GM
[(
˜Kα − L
˜K
L2
Lα
)
Bµν + nαDµν
]
. (26)
Notice that the tensor Cµν appears with γ5, and does not
contribute to this observable. We list here the result of the
tensor contraction and refer the reader to the appendix for the
details of the calculation:
LαµνH
αµν = 64 imM(n · ξ )
×
{
GE
[
B1 + B3 − L
2Q21Q
2
2
˜K2(L′2)2 B17
]
+ P
˜K
M
F1
[
B2 + B4 − L
2Q21Q
2
2
˜K2(L′2)2 B18
]
− 2(P
′k1)(P ˜K)
P ′2 ˜K2
(
GEB1 + P
˜K
M
F1B2
)
+ Q
2
1
n2
[
PK − P ˜K (q2L)L
2
˜K2L′2
](
GEB9 + P
˜K
M
F1B10
)
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+ Q
2
2
n2
[
PK + P ˜K (q1L)L
2
˜K2L′2
](
GEB13 + P
˜K
M
F1B14
)}
+ 128 imL2GM (nξ )
P ′2
[
B8 − (P ′K)B2
+ Q
2
1 + Q22
16 ˜K2L′2
(
Q21B10 + Q22B14
)]− 128 imL2 (nk1)(k1ξ )
n2
×
{
M3GE
[(
1 − t
4M2
)
B3 + P
˜K
M
B4
]
− L2GMB6
+ GM
[
(L ˜K)B8 + (P
˜K)L2
2 ˜K2L′2
(
Q21B12 + Q22B16
)]}
. (27)
For forward kinematics, the virtualities of the photons are
very close to each other such that the contributions of the terms
∼(Q21 − Q22)n are suppressed by powers of t/s. In this case,
we can use realtions between the amplitudes Bi established in
the previous sections. Denoting Q21 = Q22 ≡ Q2, we obtain:
LαµνH
αµν
EVVCS
= 64 imM(n · ξ )
{
GE
(
B1 + B3 − Q
4
˜K2L′2
B17
)
+ P
˜K
M
F1
(
B2 + B4 − Q
4
˜K2L′2
B18
)
− 2(P
′k1)(P ˜K)
P ′2 ˜K2
(
GEB1 + P
˜K
M
F1B2
)
+ 2Q
2
n2
(
PK + P ˜K L
2
˜K2
)(
GEB9 + P
˜K
M
F1B10
)}
− 128 imL2GM (nξ )
[ (P ′K)
P ′2
B2 + Q
4
4n2
B10
]
− 128 imL2 (nk1)(k1ξ )
n2
×
{
M3GE
[(
1 − t
4M2
)
B3 + P
˜K
M
B4
]
− GM
[
L2B6 − (P ˜K)Q
2
˜K2
B12
]}
. (28)
A further simplification can be obtained in the quasi-RCS
approximation. It amounts to considering a soft intermedi-
ate electron. This kinematical region is enhanced by large
logarithms ∼ ln(−t/m2). This approximation corresponds to
taking k1 = 0 and Q21 = Q22 = 0 in the numerator.
LαµνH
αµν
qRCS = 64 imM(n · ξ )
×
[
GE (B1 + B3) + P
˜K
M
F1 (B2 + B4)
]
. (29)
IV. CALCULATION OF Bn IN THE
FORWARD KINEMATICS
In this section, we are going to apply the formalism
developed in the previous section to a calculation with Regge
kinematics. Recent calculations have shown that in the forward
kinematics, a logarithmic enhancement takes place [13], but
the contribution of the ln2(−t/m2) term comes with photon
helicity flip amplitude of RCS and its contribution is negligibly
small [14,15]. Vanishing of the RCS contribution at the exact
quasi-RCS point requires that we take into account the full
k1 and Q21,2 dependence of the hadronic tensor. The only
simplification that arises because of the forward kinematics
is based on the observation that integrals containing powers of
(Q21 − Q22) are suppressed by powers of the (small) momentum
transfer t. It can be shown, in fact, that∫ |k1|2d|k1|d
k1
2E1(2π )3
Q21 − Q22
Q21Q
2
2
= 0,
(30)∫ |k1|2d|k1|d
k1
2E1(2π )3
(
Q21 − Q22
)2
Q21Q
2
2
= O(t/s),
and we refer the reader to the appendix for details of the
calculation. Therefore, in the Regge regime, elastic VVCS
should give the leading t contribution, and we can use the
hadronic tensor in the form of Eq. (17), whose contribution to
Bn is given by Eq. (28). To calculate the asymmetry Bn in these
kinematics, we are going to relate the invariant amplitudes Bi
to the helicity amplitudes of doubly VCS. The imaginary parts
of these latter are related to the total photoabsorption cross
section by means of the optical theorem.
A. Helicity amplitudes of VVCS with Q21 = Q22
For this calculation, we should specify the reference frame
in which we work, because the helicity amplitudes are frame
dependent. This frame dependence is then eliminated with
use of the invariant amplitudes. For the calculation, the Breit
frame will be used.2 It is defined by p + p′ = 0. Furthermore,
Pµ =
(√
M2 − t
4
, 0
)
,
˜Kµ = (ω, 0, 0, q),
Lµ =
(
0,

2
, 0, 0
)
,
(31)
q1 =
(
ω,

2
, 0, q
)
,
q2 =
(
ω,−
2
, 0, q
)
,
where  = √−t > 0. We next define the polarization vectors
of the virtual photons with the photon helicity λ1 = ±1, 0
referring to the initial photon and λ2 = ±1, 0 to the final
photon:
ε
µ
1 (λ1 = ±1) = −
1√
2
(
0,
q
q1
, iλ1,− 2q1
)
,
(32)
ε
µ
1 (λ1 = 0) =
1√
Q2
(
q1,
ω
q1
q1
)
,
2Note that the γ ∗p c.m. frame cannot be used here, because in
this frame it is impossible to fix the electrons’ kinematics to the
experimental one.
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ε
µ
2 (λ2 = ±1) = −
1√
2
(
0,
q
q1
, iλ2,

2q1
)
, (33)
ε
µ
2 (λ2 = 0) =
1√
Q2
(
q1,
ω
q1
q2
)
, (34)
where q1 denotes the magnitude of the photon three-vector,
q1 = | q1| = | q2| =
√
q2 − t/4. The Compton helicity ampli-
tudes are defined as
Tλ2λ′;λ1λ = e2εµ1 (λ1)
(
εν2
(
λ2
)∗ · Mµν, (35)
where we explicitly took out the electric charge e. We next
define shorthands,
TLL = T0λ′;0λ
TTT = T±λ′;±λ (36)
TTL = T±λ′;0λ
TLT = T0λ′;±λ.
With these definitions, we obtain:
1
e2
TLL = 4Q
2
t + 4Q2
¯N ′λ′

q2
q21
(B1 + ˜K/ B2) − ω
2
q21
(B17 + ˜K/ B18)
− 2ω√
M2 − t4q21
(B9 + ˜K/ B10)

Nλ, (37)
1
e2
TTT = 12
¯N ′λ′
{
ω2
q21
t
t + 4Q2 (B1 +
˜K/ B2)
− λ1λ2(B3 + ˜K/ B4)
+ 4Q
2
t + 4Q2
2ω√
M2 − t4q21
(B9 + ˜K/ B10)
− 16Q
4
t(t + 4Q2)
q2
q21
(B17 + ˜K/ B18)
− (λ1 + λ2) 1√
M2 − t4q1
in/
×

 ω√
M2 − t4q21
B6 + 16Q
2
t(t + 4Q2)B12


+ (λ2 − λ1) 1√
M2 − t4q1
γ5
×

 2ω√
M2 − t4q21
B7 + 16Q
2
t(t + 4Q2)B11



Nλ,
(38)
1
e2
TTL = −
√
2Q2ωq
q21
¯N ′λ′
[
t
t + 4Q2 (B1 +
˜K/ B2)
+ 4Q
2q2 − tω2
q2(t + 4Q2)
1√
M2 − t4ω
(B9 + ˜K/ B10)
+ 4Q
2
t + 4Q2
q2
q21
(B17 + ˜K/ B18)
]
Nλ,
−
√
2Q2λ2(
M2 − t4
)
qq1
¯N ′λ′(γ5B7 − in/B6)Nλ
+ 4
√
2Q2ωλ2 ¯N ′λ′(γ5B11 − in/B12)Nλ√
M2 − t4qq1(t + 4Q2)
, (39)
1
e2
TLT =
√
2Q2ωq
q21
¯N ′λ′
[
t
t + 4Q2 (B1 +
˜K/ B2)
+ 4Q
2q2 − tω2
q2(t + 4Q2)
1√
M2 − t4ω
(B9 + ˜K/ B10)
+ 4Q
2
t + 4Q2
q2
q21
(B17 + ˜K/ B18)
]
Nλ,
−
√
2Q2λ1(
M2 − t4
)
qq1
¯N ′λ′(γ5B7 + in/B6)Nλ
+ 4
√
2Q2ωλ1√
M2 − t4qq1(t + 4Q2)
¯N ′λ′(γ5B11+in/B12)Nλ.
(40)
We next note that the amplitudes B7 and B11 do not
contribute to the beam asymmetry. As can be seen from
Eq. (38), the amplitudes B6 and B12 depend linearly on
the photon helicities and therefore drop out of the “cross-
section combination” of the helicity amplitudes, (T1λ′;1λ +
T−1λ′;−1λ). Instead, they obtain their contribution from the
GDH sum rulelike combination (T1λ′;1λ − T−1λ′;−1λ), which
vanishes in the considered kinematical regime according to
Pomeranchuk’s theorem. In previous work, the contribution of
the photon helicity-flip Compton amplitudes was studied for
the beam asymmetry [15,16]. In spite of double-logarithmic
enhancement because of the quasi-RCS kinematics their
contribution to the asymmetry Bn was found to be negligibly
small for forward kinematics and is neglected in the following.
The longitudinal-transverse amplitudes are in general
nonzero. However, it is only the combination TTL − TLT, with
the conserved photon helicity λ1 = λ2, that contributes to the
amplitudes B1,2,3,4,9,10,17,18 relevant for the asymmetry. As a
microscopic calculation shows (see, for instance, Ref. [17])
this difference vanishes for diffractive kinematics. Thus, the
only nonzero helicity combinations are TT ≡ 12 (T1λ′;1λ +
T−1λ′;−1λ) and TLL. Their imaginary parts are related to
the transverse and longitudinal cross sections, respectively,
which contain all the physical information on forward doubly
virtual Compton scattering with an unpolarized target. For the
remaining amplitudes Bi , we define shorthands, for example,
B1 for ¯N ′λ′(B1 + ˜K/ B2)Nλ, and find the expressions as functions
of the helicity amplitudes:
e2B1 = ω
2
q21
t
t + 4Q2 TT +
q2
q21
4Q2
t + 4Q2 TLL,
e2B3 = −TT,
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e2B9 = (P ˜K)q
2
q21
t
t + 4Q2 (TT − TLL),
e2
4Q2
t
B17 = −q
2
q21
4Q2
t + 4Q2 TT −
ω2
q21
t
t + 4Q2 TLL. (41)
Working out the spinors, we get in the Breit frame:
¯N ′N = 2
√
M2 − t
4
2λδλ−λ′ ,
(42)
¯N ′ ˜K/ N = 2Mω2λδλ−λ′ + q2λδλλ′ .
We see that in the forward limit t = 0, only nucleon
helicity-flip amplitudes survive. This should not mislead the
reader because the reason for this helicity flipping is the
use of Breit frame kinematics for the nucleons: The initial
and final nucleon three-momenta are opposite by definition;
therefore, unchanged spin projection onto the x axis will
correspond to opposite helicities. Furthermore, the optical
theorem relates the imaginary parts of the forward amplitudes
to the corresponding cross sections,
Im
1
2
(
T1− 12 ;1 12 + T−1− 12 ;−1 12
)
= 2
√
M2 − t/4ωσT
(43)
Im T0− 12 ;0 12 = 2
√
M2 − t/4ωσL.
If the Callan-Gross relation holds, the longitudinal cross
section is related to the transvers one as σL = Q2/q21σT .
Inserting these expressions into the tensor contraction of
Eq. (28) and noting that AbsMµν = −2 ImMµν , we obtain:
LαµνH
αµν
EVVCS = −128 imMGEω(n · ξ )
×
[
2ωE1
q2
− Q
2
q2
− Q
2
q21
+ Q
4
q41
]
1
e2
σT
+ 128 imM3L2GE (nk1)(k1ξ )
n2
ω
1
e2
σT . (44)
It can now be seen that spurious singularities ∼1/t + 4Q2
appearing in the individual amplitudes in Eq. (41) cancel in
the observable, as they should.
We next perform the integration over the electron phase
space. We remind the reader that in the choosen kinematics
nµ =
(
0, 0,−
√
M2 − t
4
q

2
, 0
)
,
(45)
ξµ = (0, 0, 1, 0),
therefore∫ |k1|2d|k1|d
k1
2E1(2π )3
1
Q21Q
2
2
Im LαµνHαµν
= −128mMGE
√
M2 − t
4

2
1
e2
σT
×
{
2EI 01 − 2J 002 − 2I2 + I3 −
2M2
M2 − t4
J25
}
,
(46)
where we have used the notation:
I
µ
1 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
k
µ
1
Q21Q
2
2
I2 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
1
2
[
1
Q21
+ 1
Q22
]
(47)
I3 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
(
Q21 + Q22
)2
4Q21Q22
1
(k − k1)2
J
µν
2 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
k
µ
1 k
ν
1
Q21Q
2
2
.
Furthermore, the coefficient J25 originates from decompos-
ing the tensor integral according to [18],
J
µν
2 = J21PµP ν + J22KµKν + J23(PµKν + KµP ν)
+J24LµLν + J25gµν. (48)
The integrals I 01 and I2 entering Eq. (47) were calculated in
the previous work [15]. We obtain for the first three integrals
I 01 =
E
−4π2t
{
Ethr
E
ln
√−t
m
Ethr
E
+
(
1 − Ethr
E
)
ln
(
1 − Ethr
E
)}
, (49)
I2 = 14π2
Ethr
E
ln
2Ethr
m
+ 1
4π2
(
1 − Ethr
E
)
ln
(
1 − Ethr
E
)
,
(50)
I3 = 18π2
(
1 + Ethr
E
)
ln
(
1 + Ethr
E
)
+ 1
8π2
(
1 − Ethr
E
)
ln
(
1 − Ethr
E
)
,
and for the tensor integrals:
J 002 =
E2thr
−8π2t
[
ln
(
Q
m
Ethr
E
)
+ E
Ethr
]
+ E
2
−8π2t
(
1 − E
2
thr
E2
)
ln
(
1 − Ethr
E
)
,
(51)
J25 = 132π2
E2thr
E2 + t/4
[
ln
√−t
2E
+ E
Ethr
+ 1
2
+
(
E2
E2thr
− 1
)
ln
(
1 − Ethr
E
)]
− E
2
thr
32π2(pk) .
In the above formulas, Ethr denotes the upper limit in the in-
tegral over the electron energy, which corresponds to threshold
production of the pion, Ethr = s − (M + m2π )2/2
√
M2 − t/4
in the Breit frame. We refer the reader to the appendix for
details of the calculation. We can finally write down the final
result for normal beam spin asymmetry:
Bn = − m
√−tσT
4π2(1 + τ )2
GE
τG2M + εG2E
[
ln
(√−t
m
)
− 1
+ t
E2
ln
E2
m2
+ t
4E2
(
ln
√−t
2E
+ 1 + M
2
2s
)]
. (52)
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V. RESULTS
The model used in the previous section for the calculation
of the Bn is based on the optical theorem, Callan-Cross relation
between the longitudinal and transverse partial cross sections,
and the neglection of the mismatch between the virtualities
of the virtual photons inside the loop. This latter assumption
restricts the applicability of the above formula to low values
of the momentum transfer. To estimate the error introduced by
neglecting the terms ∼(Q21 − Q22)2/Q21Q22 under the integral
over the electron phase space, we note that the integrals enter-
ing the final result of Eq. (52) have the order ∼t−1 (I 01 , J 002 )
and t0 (I2, I3, J25). As noted before, terms ∼(Q21 − Q22)2/
Q21Q
2
2 contribute to the order t1. Therefore, they contribute
at relative order of t2. Thus, for low values of t, our full result
of Eq. (52) is consistent with the approximation used.
We next study the leading t dependence of the beam normal
spin asymmetry. It is given by
Bn = −m
√−tσT
4π2
GE
τG2M + εG2E
[
ln
(√−t
m
)
− 1
]
. (53)
This result is in exact agreement with the result of
Ref. [14]. The approach of Ref. [14] consisted of taking only
one amplitude for elastic doubly VCS, the one that survives in
the exact forward RCS. It therefore amounts to neglecting not
only the additional t dependence of the Compton amplitude
but also the dependence on the photon virtualities. The present
calculation, on the contrary, uses the complete set of invariant
amplitudes for the case of equal virtualities of the incoming
and outgoing photons and does not a priori set any kinematical
variable to zero. The reason for this agreement is that every
factor ∼Q21,2 in the numerator actually leads to an extra
suppression in t, as can be seen, if comparing the integrals
I2 to I0 and Bµ1 to I
µ
1 , respectively. The integrals are given in
the appendix.
If using as input the exact forward value of the imaginary
part of the Compton amplitude, to go to finite values of t,
one needs a phenomenological information to consistently
describe the off-forward Compton scattering. We use the same
approach as in Ref. [14]. It is based on the phenomenological
exponential fit of the t dependence of the Compton differential
cross section for values of t from 0 through −0.8 GeV2.
Because dσ/dt ∼ σ 2T , one gets
σT (t) = σT (0)eBt/2, (54)
with B ≈ 5.2 − 8.6 GeV−2. For the energy dependence of σT ,
we use the phenomenological fit of Ref. [19]. We present our
results in Fig. 1.
As seen from the figure, the more accurate account on the
t dependence leads to faster decreasing of the asymmetry with
increasing Q2. We predict therefore lower negative values for
Bn than the authors of Ref. [14].
In Fig. 2, results for Bn on the neutron target are shown.
The asymmetry is only about twice smaller for the neutron
than for the proton, which is because the overall factor
of GE/τG2M + εG2E . Because also the cross section in the
denominator is much smaller for the neutron target at low Q2
than for the proton, it means that a measurement of the cross
Q2(GeV2)
B
n
 
(pp
m)
-8
-7
-6
-5
-4
-3
-2
-1
0
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
FIG. 1. The results for Bn as function of the momentum transfer
Q2 are shown for four values of the lab beam energy: 3 GeV (solid
lines), 6 GeV (dashed lines), 12 GeV (dotted lines), and 45 GeV
(dash-dotted lines). The thick lines correspond to the full t dependence
of Eq. (52), whereas the thin lines correspond to the leading t behavior
of Eq. (53).
Q2(GeV2)
B
n
 
(pp
m)
-3.5
-3
-2.5
-2
-1.5
-1
-0.5
0
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
FIG. 2. The results for Bn as function of the momentum transfer
Q2 for the neutron target. Notation as in Fig. 1.
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section difference in the numerator of the Bn would be
a very challenging task for the neutron target.
VI. SUMMARY
In summary, we constructed the invariant basis for VVCS.
In the general case, VVCS is described by means of
18 independent invariant amplitudes that are functions of the
invariants P ˜K, t, q21 , q22 . The proposed form of the VVCS
tensor does not exist in the literature. This form is based
on Lorentz and gauge invariance and consists of constructing
nine orthogonal basis tensors, which are useful for practical
calculations. We furthermore investigated the behavior of the
VVCS amplitudes under photon and nucleon crossing. Basing
on this crossing behavior, it is possible to obtain the correct
form of the VVCS basis in the case of elastic VVCS (i.e.,
q21 = q22 ) where only 12 amplitudes survive. The special case
of elastic VVCS is realized in the case of the calculation of the
beam normal spin asymmetry Bn with forward kinematics.
We provide the calculation for this observable with these
kinematics. Because in the exact forward limit this observable
vanishes, one has to use the full amplitude for this calculation.
We project the Compton helicity amplitudes onto the invariant
basis and use as input the optical theorem. It relates the
imaginary part of the helicity amplitudes 12 (T1 12 ,1 12 + T−1 12 ,−1 12 )
and T0 12 ,0 12 to the transverse σT and the longitudinal σL cross
sections, respectively. The longitudinal cross section is then
related to the transverse one by means of the Callan-Cross
relation. The resulting asymmetry is of the order of ≈−5 ppm
and is practically independent of the electron energy. The
presented formalism may be furthermore extended to the
two-photon exchange contributions to other observables.
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APPENDIX
1. Projection technique
In a real calculation, one needs to calculate the single-
amplitude contributions from, for instance, a Feynman dia-
gram. For this, one can make use of the fact that all the basis
tensors are orthogonal. For example,
P ′µP ′ν
P ′2
Wµν = ¯N ′
[
B1 + ˜K/ B2
]
N, (A1)
and so on. We find following useful relations:
P ′2 = P 2 − P
˜K
˜K2
L2
L′2
L′2 = L2 − (L
˜K)2
˜K2
n2 = −P ′2 ˜K2L′2
˜K ′2 = −
˜K2
L′2
Q21
˜K ′′2 = −
˜K2
L′2
Q22
˜K ′ · ˜K ′′ =
˜K2
L′2
(L2 − ˜K2), (A2)
and furthermore,
P ′ · ˜K = P ′ · L′ = P ′ · L = P ′ · ˜K ′ = P ′ · ˜K ′′ = P ′ · n
= n · ˜K = n · L′ = n · L = n · ˜K ′ = n · ˜K ′′ = 0;
q1 · L′ = −q2 · L′ = L · L′ = L′2. (A3)
2. Leptonic and hadronic tensors
The hadronic tensors quoted in Eq. (25) are given by
Aµν = P
′µP ′ν
P ′2
B1 + n
µnν
n2
B3 +
˜K ′µP ′ν
P ′2 ˜K2
B9
+ P
′µ
˜K ′′ν
P ′2 ˜K2
B13 +
˜K ′µ ˜K ′′ν
˜K2
B17 (A4)
Bµν = P
′µP ′ν
P ′2
B2 + n
µnν
n2
B4 +
˜K ′µP ′ν
P ′2 ˜K2
B10
+ P
′µ
˜K ′′ν
P ′2 ˜K2
B14 +
˜K ′µ ˜K ′′ν
˜K2
B18 (A5)
Cµν = P
′µnν + nµP ′ν
P ′2n2
B5 + P
′µnν − nµP ′ν
P ′2n2
B7
+
˜K ′µnν
n2 ˜K2
B11 +
˜K ′′νnµ
n2 ˜K2
B15 (A6)
Dµν = P
′µnν + nµP ′ν
P ′2n2
B6 + P
′µnν − nµP ′ν
P ′2n2
B8
+
˜K ′µnν
n2 ˜K2
B12 +
˜K ′′νnµ
n2 ˜K2
B16. (A7)
The leptonic tensor
Lαµν = Tr(k/ ′ + m)γν(k/1 + m)γµγ5ξ/(k/ + m)γα (A8)
can be conveniently decomposed into two parts which are
symmetric and antisymmetric in the pair of indices (µν):
LSYMαµν = −8 im
{
gµνεκρταL
κ
˜Kρξτ
+ (k1)µεκνταLκξ τ + (k1)νεκµταLκξ τ
}
, (A9)
LASYMαµν = −8 im
{
ξνεκµταL
κKτ − ξµεκνταLκKτ
+Lαενµτρξ τLρ − L2ενµταξ τ
−Kαενµτρξ τ ˜Kρ + ξαενµτρkτ1Lρ
}
. (A10)
3. Tensor contractions
[L2 ˜Kα − (L ˜K)Lα]Bµν · Lαµν = −8 imL2(nξ )
×
{
2(P ′k1)
P ′2
B2 + Q
2
1 + Q22
4n2
[
Q21B10 + Q22B14
]}
+ 16 im(L2)2 (nk1)(
˜Kξ )
n2
(P ˜K)B4. (A11)
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nαDµν · Lαµν = 16 im (nk1)(
˜Kξ )
n2
{
−L2B6 + (L ˜K)B8
+ (P
˜K)L2
˜K2L′2
[
Q21B12 + Q22B16
]}
. (A12)
PαAµν · Lαµν = 16 im (nk1)(
˜Kξ )
n2
P 2L2B3
+ 8 im(nξ )
(
B1 + B3 + 2(P
′k1)(P ˜K)
n2
B1
+
[ ( ˜K ′ ˜K ′′)
˜K2
+ 2K
2
L′2
+ (q1L)(
˜K ′′k1) − (q2L)( ˜K ′k1)
˜K2L′2
]
B17
+
{ (P ˜K)L2
n2
[ ( ˜K ′k1)
˜K2
− 1
]
− (PK)(q1
˜K) + (P ′k1)(q1L)
n2
}
B10
+
{ (P ˜K)L2
n2
[ ( ˜K ′′k1)
˜K2
− 1
]
− (PK)(q2
˜K) − (P ′k1)(q2L)
n2
}
B14
)
= 16 im (nk1)(
˜Kξ )
n2
P 2L2B3 + 8 im(nξ )
{
B1
+B3 + 2(P
′k1)(P ˜K)
n2
B1 − L
2Q21Q
2
2
˜K2(L′2)2 B17
+ Q
2
1
n2
[
(PK) − (P ˜K) (q2L)L
2
˜K2L′2
]
B9
+ Q
2
2
n2
[
(PK) + (P ˜K) (q1L)L
2
˜K2L′2
]
B13
}
.
(A13)
4. Integrals over the electron phase space
The integrals appearing in the final result are:
I0 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
1
Q21Q
2
2
I
µ
1 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
k
µ
1
Q21Q
2
2
I2 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
1
2
[
1
Q21
+ 1
Q22
]
(A14)
I3 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
(
Q21 + Q22
)2
4Q21Q22
1
(k − k1)2
J
µν
2 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
k
µ
1 k
ν
1
Q21Q
2
2
.
Furthermore, the terms ∼(Q21 − Q22)2/Q21Q22, which we
have consistently neglected throughout the calculation, lead
to the integral
I4 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
(
Q21 − Q22
)2
Q21Q
2
2
= 16LµLνJµν2 . (A15)
The first integral was already calculated [13,15]. We next
turn to the vector integral
I
µ
1 =
∫ kthr
0
k21dk1
2E1(2π )3
∫
d
k1
k
µ
1
(k − k1)2(k′ − k1)2
= I1PPµ + I1KKµ . (A16)
It cannot depend on qµ because of the symmetry of I1 under
interchanging k and k′. To determine these two coefficients we
have a system of equations,
K0I1K + P 0I1P = I 01 =
1
16π3
∫
d3k1
Q21Q
2
2
−tI1K + 4PKI1P = 4KµIµ1
=
∫
d3k1
(2π )3E1Q21
≡ I2. (A17)
Using the same approach as for I0 (see the appendix of
Ref. [15]), we obtain for I 01 :
I 01 =
E
−8π2t
∫ Ethr
E
m
E
zdz√
z2 − m2
E2
− 4m2
t
(1 − z)2
× ln
√
z2 − m2
E2
− 4m2
t
(1 − z)2 +
√
z2 − m2
E2√
z2 − m2
E2
− 4m2
t
(1 − z)2 −
√
z2 − m2
E2
(A18)
= E−4π2t
[
Ethr
E
ln
√−t
m
Ethr
E
(A19)
+
(
1 − Ethr
E
)
ln
(
1 − Ethr
E
)]
. (A20)
Finally, we consider the integral I2 where we perform the
angular integration,
I2 = 1(2π )3
∫
d3k1
E1Q
2
1
= 1
8π2
∫ Ethr
E
m
E
dz ln
z − m2
E2
+
√
1 − m2
E2
√
z2 − m2
E2
z − m2
E2
−
√
1 − m2
E2
√
z2 − m2
E2
.
(A21)
After integrating by parts and changing variables, z =
m
E
cosh y and y = ln t , we arrive at
I2 = 14π2
Ethr
E
ln
2Ethr
m
+ 1
4π2
(
1 − Ethr
E
)
ln
(
1 − Ethr
E
)
. (A22)
In these last two integrals, it is important to keep Ethr/E
unequal to 1 until the end to ensure the convergence of
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the integral. Solving the system of linear equations for the
coefficients, we obtain:
I1P = 18π2
s − M2
M4 − su
Ethr
E
ln
2E
Q
(A23)
I1K = 1
Q2
I2 − 4PK
Q2
I1P .
We next consider the integral I3 and rewrite it as
I3 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
[
1 +
(
Q21 − Q22
)2
4Q21Q22
]
1
(k − k1)2
.
(A24)
We note that the second term in the square brackets
∼(Q21 − Q22)2 is of the order t/s. For the moment, we keep this
subleading term and calculate the leading in t contribution:
I3 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
1
(k − k1)2
= 1
8π2
∫ kM
0
dz ln
1 + z
1 − z + O(t/s)
= 1
8π2
(
1 + Ethr
E
)
ln
(
1 + Ethr
E
)
+ 1
8π2
(
1 − Ethr
E
)
ln
(
1 − Ethr
E
)
+ O(t/s). (A25)
As we see, the leading term contributes to Bn to relative
order t1. This means that the second term should be omitted
to be consistent with the approximation adopted.
The calculation of the tensor integral is more involved. We
decompose this tensor into tensorial structures constructed out
of external momenta [18],
J
µν
2 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
k
µ
1 k
ν
1
Q21Q
2
2
= J21PµP ν + J22KµKν + J23(PµKν + P νKµ)
+ J24LµLν + J25gµν. (A26)
The final result contains. To calculate the coefficients J2j ,
we contract the tensor integral with gµν and external momenta:
J2
µ
µ = P 2J21 + K2J22 + 2PKJ23 + L2J24 + 4J25
= m2
∫ |k1|2d|k1|d
k1
2E1(2π )3
1
Q21Q
2
2
≈ 0 (A27)
2kµ2k′νJ
µν
2 = (2PK)2J21 + 4(K2)2J22
+ 8K2PKJ23 − 4(L2)2J24 + 8K2J25
=
∫ |k1|2d|k1|d
k1
2E1(2π )3
≡ C0 = E
2
thr
8π2
(A28)
2k′νJ
µν
2 = 2PKJ21Pµ + 2K2J22Kµ
+ 2[PKKµ + K2Pµ]J23
− 2L2J24Lµ + 2J25(K − L)µ
=
∫ |k1|2d|k1|d
k1
2E1(2π )3
k
µ
1
Q21
≡ Bµ1 . (A29)
Rewriting the vector integral B1 as
B
µ
1 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
k
µ
1
Q21
= B11pµ + B12kµ
= B11Pµ + B12Kµ + (B12 − B11)Lµ, (A30)
we find following relations between J2i and Bi :
2PK J21 + 2K2J23 = B11
2K2J22 + 2PK J23 + 2J25 = B12 (A31)
2L2J24 + 2J25 = B11 − B12.
To proceed, we calculate the appearing vector integral. The
coefficients can be found as following:
2kµBµ1 = 2pkB11 = C0, (A32)
whereas the 0-component B01 = p0B11 + k0B12 can be calcu-
lated directly:
B01 =
∫ |k1|2d|k1|d
k1
16π3
1
Q21
= E
16π2
∫ Ethr
E
m
E
zdz ln
z +
√
z2 − m2
E2
z −
√
z2 − m2
E2
= E
2
thr
16π2E
[
ln
2Ethr
m
− 1
2
]
. (A33)
The fifth independant equation for five unknown coeffi-
cients J2j is obtained by the calculation of the J 002 component
of the tensor integral. The calculation follows the same steps
as that for I 01 given in the appendix of Ref. [15]. We obtain:
J 002 =
∫ |k1|2d|k1|d
k1
16π3
E1
1
Q21Q
2
2
= E
2
−8π2t
∫ kthr
k
0
z2dz√
z2 − 4m2
t
(1 − z)2
× ln
z +
√
z2 − 4m2
t
(1 − z)2√
z2 − 4m2
t
(1 − z)2 − z
. (A34)
Because of two powers of z = k1/k in the numerator,
the contribution of small values of the intermediate electron
momenta is negligible, and the square root can be Taylor-
expanded because m2/|t |  1. This leads to
J 002 =
E2
−8π2t
∫ Ethr
E
0
zdz ln
[−t
m2
z2
(1 − z)2
]
= E
2
thr
−8π2t
[
ln
√−tEthr
mE
+ E
Ethr
+ E
2
E2thr
(
1 − E
2
thr
E2
)
ln
(
1 − Ethr
E
)]
. (A35)
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Solving the system of linear equations for the coefficients
J2j , we find
J25 = P
2
P ′2
(
J 002 −
E
2K2
B01
)
− 1
4(pk)C0
= 1
32π2
E2thr
E2 + t/4
[
ln
√−t
2E
+ E
Ethr
+ 1
2
+
(
E2
E2thr
− 1
)
ln
(
1 − Ethr
E
)]
− E
2
thr
32π2(pk) . (A36)
In the latter equation, the vector P ′µ is defined as P ′µ =
Pµ − PK/K2Kµ with P ′2 = P 2 − (PK)2/K2, where Kµ =
1
2 (k + k′)µ.
Finally, the integral I4 is given by
I4 =
∫ |k1|2d|k1|d
k1
2E1(2π )3
(
Q21 − Q22
)2
Q21Q
2
2
= 16LµLνJµν2
= 8L2(2L2J24 + 2J25) = 2t(B11 − B12)
= −t
16π2
E2thr
E2
[
ln
(
4E2thr
m2
)
− 3
]
. (A37)
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